The formulation and validation of a novel quasi-one-dimensional particle-in-cell code for the simulation of magnetic nozzles is presented. Quasi-one-dimensional effects are included through virtual displacements of magnetized particles from the axis of symmetry and cross-sectional area variation according to preservation of magnetic flux. A modified, semi-implicit Boris algorithm is developed for capturing the Lorentz force effects in quasi-1D. Validation problems are selected to test the components of the code required to model the important physics of magnetic nozzles. Simulations are performed of two stream instabilities, Landau damping, source and collector sheaths, and magnetic mirrors. Results from the validation simulations show that the code produces physically accurate results when compared with both theory and other simulations.
Nomenclature

I. Introduction
Electrodeless plasma thrusters are currently under development due to the potential advantages these thrusters present over other electric propulsion devices. [1] [2] [3] [4] [5] [6] [7] By limiting contact of plasma with surfaces, electrodeless thrusters can achieve longer lifetime and operate at more energetic, higher temperature conditions. A key component to many of the current electrodeless thruster designs is a guiding magnetic field which both controls the flow of the plasma and generates thrust. This magnetic field is known as a magnetic nozzle and is shown in Figure 1 . This figure compares a de Laval nozzle and a magnetic nozzle. De Laval nozzles guide and accelerate a high temperature fluid generated in the combustion chamber to supersonic speeds by using a physical wall. Similarly, magnetic nozzles accelerate a high temperature plasma generated in the plasma source by using a strong guiding magnetic field. [8] [9] [10] Magnetic nozzles also have applications to improve performance of magnetoplasmadynamic thrusters.
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Figure 1: Comparison between de Laval nozzle and magnetic nozzle.
Key phenomena in the thrust generation process in magnetic nozzles are: i) the energy exchange between different modes leading to directed kinetic energy, ii) the transfer of momentum between the plasma and the magnets, and iii) the eventual detachment of the plasma from the closed magnetic field lines. The energy exchange behavior is of particular interest because it defines the physical mechanism by which axial kinetic energy is extracted from the plasma. Two of the mechanisms currently considered for this include thermal, electron-driven expansion 1, 2, 9, 13-15 and the magnetic dipole force.
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Thermal, electron-driven acceleration of the ions occurs because the high temperature, low mass electrons expand into vacuum much more quickly than the massive, low temperature ions. Rapid electron thermal expansion generates an electric field which then accelerates the ions in order to maintain quasineutrality. By this mechanism the thermal energy of the electrons can be converted into directed kinetic energy of the ions. Experiments have shown that the potential structure which develops has characteristics of either a double layer or an ambipolar field. 4, 13 The energy distribution and thermal behavior of the plasma during this expansion remains an open question.
The magnetic dipole force is the force that a magnetic dipole feels in the presence of an externally applied magnetic field. 19 This force is written as:
In this equation µ is the vector magnetic dipole moment and B is the magnetic field. Particles in sufficiently strong magnetic fields behave like small magnetic dipoles and are described as being magnetized. The criteria for magnetization is satisfied when the Larmor radius of the particle, r L = mv ⊥ /qB, is much smaller than a characteristic dimension of the system. This length is typically defined as the gradient length scale which leads to the condition below.
Furthermore, the collisionality of the species has to be low as defined by the Hall parameter written as:
This ratio compares the cyclotron frequency, ω c , of the particle to the collision frequency, ν. Diamagnetic particles always generate magnetic moments which are anti-parallel to the magnetic field. The magnetic moment for a magnetized particle is often assumed to be constant to simplify analysis, although it is not done so in our code. We present this simplification for illustrative purposes to give basic insight on the physics, but do not make this assumption in our actual calculations in order to capture a more general solution. This leads to a more simplified form of the equation shown in Equation 4 .
Equation 4 shows how this force repels a particle which is moving into a region of strong magnetic field. One of the most common examples of the effects of this force are seen in devices known as magnetic mirrors.
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In a magnetic mirror particles moving from a weak to a strong field region exchange kinetic energy from the modes along the field line to those perpendicular to the field line. This leads to confinement of some of the particles and a loss of others. In the expansion region of a magnetic nozzle (an inverted magnetic mirror) the opposite of this occurs as the perpendicular kinetic energy of the particle is converted to parallel kinetic energy. The dipole force is the mechanism by which the particle experiences acceleration and deceleration along the magnetic field line. The effects of this force have been previously studied mostly from an analytical perspective.
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Herein we present the formulation and validation of a quasi-one-dimensional particle-in-cell (PIC) code for studying plasma behavior in a magnetic nozzle which focuses on studying thermal, electron-driven expansion and dipole force energy exchange mechanisms from a kinetic perspective. The purpose of this code is to further investigate the conditions which lead to the development of ambipolar and double layer potential structures, expanding on previous work in this area. 7, 13, 15, [21] [22] [23] This code will also be used to study the thermal behavior of the plasma and evolution of the velocity distribution function throughout the expansion. Mechanisms which affect the evolution of the velocity distribution of the particles such as collisions and instabilities will specifically be investigated. The code will capture the effects of both the electric and magnetic forces on the energy exchange process and the coupling between these mechanisms.
Section II describes the methodology for the quasi-one-dimensional magnetic nozzle PIC code and Section III presents validation test cases. Section IV concludes the paper and discusses future work.
II. Methodology
Particle-in-cell codes treat the constituent species of a plasma as particles. 24, 25 These particles propagate in a domain which is divided into a grid of cells as shown in Figure 2 . For the model presented in this paper a one dimensional grid is used and a two dimensional grid is shown here for illustrative purposes only. A flow chart for the code is also shown which will be described in greater detail below. First, the charge density for a cell is found by weighting the charge of nearby particles to the cell and then dividing by the cell volume. The charge density is collected at the cell centers and then used to solve Poisson's equation, Equation 5 , for the potential.
In this equation φ and ρ are the potential and charge density respectively. Solving Poisson's equation gives the potential at the cell centers which is then used to find the electric field according to E = −∇φ. The electric field can be calculated at the cell centers or cell walls and is then weighted to the nearby particles.
In the case of an electrostatic solver, the magnetic field is assumed to be constant and is also specified at the cell centers and then weighted to the nearby particles.
The weighted electric and magnetic fields are used with the equations of motion for the particles to change the position and velocity of the particles. The equations of motion are the change in position of the particles, dx/dt = v and the change in velocity which is governed by the Lorentz force shown in Equation 6 .
Boundary conditions are applied at the edge of the domain and this process is repeated for the entire simulation. Typically, all of the particles in simulations of real world systems can not be resolved due to the high densities of particles and the limitations of computing power. This results in the use of macro-particles which represent a large number of particles instead of individual particles.
A. Quasi-1D Formulation
In this section we present the formulation for the electrostatic, quasi-one-dimensional (Q1D) PIC code developed for simulating magnetic nozzles. This solver resolves a single spatial dimension and three velocity dimensions, abbreviated as 1D3V. The spatial dimension resolved is the axis of symmetry of the magnetic nozzle,ẑ, shown in Figure 3 . The grid is comprised of cell walls and cell centers at which different flow and field parameters can be located. In Figure 3 the one dimensional domain is shown over the plume of the Cubesat Ambipolar Thruster(CAT). This propulsion device is currently being developed at the Plasmadynamics and Electric Propulsion Lab (PEPL) at the University of Michigan and is planned to be used as a propulsion system for nanosatellites.
Virtual Larmor Radius Displacements
On the axis of symmetry of the magnetic nozzle there is only an axial field, which implies that there will be no force due to the magnetic field in the axial direction. Therefore, the magnetic dipole force could not be captured in a strictly 1D model. This motivated the development of a novel Q1D method to include this force. First, we assume that all magnetized particles are virtually displaced from the axis of symmetry by their Larmor radius. To find the radial magnetic field we use the Gauss Law of Magnetism, ∇ · B = 0, expressed in cylindrical coordinates for an axisymmetric configuration in Equation 7.
The axial magnetic field is known from the initial conditions and we use this to calculate the radial magnetic field. Equation 7 is simplified by integrating over the radius and then using the virtual Larmor radius displacement of the particle as the radius. The result is shown in Equation 8 and holds as long as ∂B z /∂z is approximately constant over r L .
Equation 8 gives the approximate radial magnetic field a particle orbiting around the axis of symmetry would experience and can be used in the conventional particle pushing algorithms.
Cross-Sectional Area Variation
This model is further made quasi-one-dimensional by partially accounting for the expansion the jet undergoes.
To do so we first assume that near the axis the particles approximately follow the magnetic field lines. This implies that the the cross-sectional area of the plasma jet is correlated to expansion of the magnetic flux tubes. By using Gauss Law of Magnetism in integral form, B · dS = 0, for a cylindrical, axisymmetric coordinate system and assuming that the contribution of the radial magnetic field flux is negligible we find a relation between the axial magnetic field and the cross sectional area. This relation is shown in Equation  9 which relates the inlet values of B z and the cross-sectional area, A, to the cross-sectional area at a known axial magnetic field strength.
It is important to note that the area now represents both the flux tube size and the cross sectional-area of the plasma jet. The variation of the cross sectional area has implications only on solving Poisson's equation and includes 2D effects due to the expansion of the plasma.
B. Algorithms Incorporated
Charges are interpolated and weighted to the cell using linear interpolation, also called cloud-in-cell interpolation. 24, 25 Poisson's equation is solved by using the linear algebra package of the Intel Math Kernel Library. The electric fields are calculated at the cell boundaries from the potential by central differencing. For validation cases which are strictly 1D the Boris Particle Push is used. 26 The Boris push was modified for the Q1D cases due to axisymmetry and is described in more detail below. Electric and magnetic fields were weighted to particles linearly to be consistent with the charge weighting. Particle velocities and positions were updated with the second order leap-frog algorithm. Methods for loading particles are discussed in the sub-section below.
Modified Q1D Boris Push
The conventional Boris pushing algorithm was modified to include the effects of using an axisymmetric coordinate system. Algorithms have been developed for 2D axisymmetricr −ẑ simulations which simply include a coordinate transformation step for the velocity and position instead of including additional inertial forces. 26 This method fails in the Q1D case because there is not a second coordinate with which to transform the velocity. Therefore we have developed a modified Boris push for the Q1D solver which includes the inertial forces which arise due from the axisymmetric coordinate system. The modified algorithm divided into three steps:
in which a coord , the acceleration due to inertial effects, is:
Contributions due coordinate system forces are included in the initial (Equation 10) and final (Equation 12) half time steps of the electric field in the Boris algorithm. The coordinate system forces have dependency on the velocity which results in the initial and final half steps having to be solved implicitly. This implicit solution is significantly simplified by noting the v θ dependence of r L and thereby reducing the order of the equations. The magnetic field contributions are incorporated in the intermediate (Equation 11 ) step using the conventional Boris rotation. This method is referred to as semi-implicit because it is not implicit over the whole algorithm but over the individual steps.
Particle Loading
Particles velocities can be loaded either randomly or quietly according to a Maxwellian or drifting Maxwellian velocity distribution. 27, 28 Maxwellian particle flux sources at boundaries and internal cells has also been incorporated. Drifting Maxwellian flux sources will be incorporated in future simulations.
A method for seeding particles at the boundaries using ghost particles in a ghost cell has also been developed. Particles are loaded in the ghost cell according to a Maxwellian or drifting Maxwellian and then allowed to flux naturally into the domain during the particle push. Particles that do not make it into the domain are deleted and a new set of ghost particles is loaded during the next time step. Initial testing reproduces the flux biased Maxwellian used in the conventional flux source approach.
III. Validation
A. Two Stream Instability
Two opposing streams of particles with a perturbation in their density are unconditionally unstable. 24 Each stream of particles starts with a single velocity and a small perturbation in their density. The density perturbation is equivalent to a perturbation in the electric field. As the counter-flowing streams interact an instability grows which transfers energy from the uniform, directed streams to thermal and electrostatic modes.
To simulate the two stream instability, two streams of like-charged particles are loaded in the domain with non-dimensional velocities equal to v x = 1 and v x = −1. A small sinusoidal perturbation is applied to the density of the particles of each species resulting in a perturbation to the electric field. The domain is onedimensional inx and the boundary conditions are periodic. Input parameters are chosen to match those of Birdsall 24 and a comparison of the results is shown in Figure 4 . In this figure the time is non-dimensionalized by the plasma frequency. The results from our simulations show good agreement with those from Birdsall. Slight deviations are seen at t = 60 which may be due to digitization of the data and slight the differences simulation parameters (i.e. number of particles used). This simulation validates the electrostatic particle mover and interpolation algorithms. The ability of the solver to correctly capture instabilities and instability growth rates is also validated. Oppositely charged two stream instability, warm two stream instability, and beam instability test cases have also been simulated and show good agreement with additional results presented by Birdsall. These cases are not shown here for the sake of brevity.
B. Landau Damping
Damping of electrostatic waves occurs in a plasma even without collisions. 24, 28 This phenomenon is called Landau damping and occurs due to the energy exchanged between particles traveling near the phase velocity, v ph = ω/k, of an electrostatic wave and the wave itself. Particles with velocities less than the phase velocity of the wave gain energy from the wave while particles with velocities greater than the wave phase velocity give energy to the wave. In the case of a Maxwellian distribution, there are more particles with velocities less than the wave, resulting in a net transfer of energy from the wave to the particles resulting in damping of the wave.
To further validate the code we performed a simulation of Landau damping. The domain is one dimensional with periodic boundary conditions. A quiet start algorithm is used for loading particle velocities according to a Maxwellian velocity distribution. If particle velocities were loaded randomly, no damping would be seen. The particle density is slightly perturbed to generate an electrostatic wave. Simulation parameters are chosen to match those of Birdsall 24 and Denavit.
28 Using these parameters a damping rate of ω i = −0.15 is expected. The number of particles selected for our simulation was 10 5 and 10 6 which is different from that of Denavit which used 17711 particles. The reason for this is because the quiet start implemented in our simulations is not as complex as that of Denavit and required additional particles to resolve the Landau damping. The charge and mass (ratio q/m remains the same) of the particles is changed so that all other parameters remain the same. The results of these simulations are shown in Figure 5 which illustrates the damping of the non-dimensionalized electrostatic energy with time. The results from Figure 5 show that the code correctly reproduces the analytic damping rate expected for these conditions. The mean electrostatic energy is damped for a finite amount of time after which it oscillates. Ideally, the damping would continue indefinitely, however, the finite number of particles in these simulations limits the amount of damping due to the depletion of particles from the velocity space in which damping occurs. Increasing the number of particles allows the simulation to damp further as illustrated. These simulation results validate the algorithms used to load particles for a quiet start, which is essential to capturing thermal instabilities in PIC simulations.
C. Collector and Source Sheath
Complex phenomena such as the formation of collector and source sheaths are also simulated to validate this solver. The region between a Maxwellian plasma source and a collecting surface is simulated with the one dimensional PIC code and compared with the results of Schwager. 29 The left boundary of the domain is a Maxwellian plasma source which has a net flux of particles into the domain. Particles which reach this boundary from the domain are thermalized according to the source and then reinjected into the domain. No net charge builds up at the injection boundary. The right boundary is an electrically floating collector and net charge accumulation occurs.
For our simulation we selected the case of Schwager in which the electron ion mass ratio (m ion /m e ) is 40, the electrons and ions have the same temperature, and the domain length is 44 Debye lengths (λ D ). The remaining parameters, grid size, and time step are chosen to match those of presented in detail by Schwager.
29 Figure 6 shows a comparison of the non-dimensionalized potential, ψ, calculated in our simulation results and digitized results of Schwager. 29 In this figure, the potential is non-dimentionalized by the thermal energy, x is the resolved direction, and L is the length of the domain. Our simulation correctly shows the formation of both the source and collector sheath although the magnitude of the potential drop for the source sheath is slightly different. This difference is most likely due to the fact that Schwager used a more advanced code tailored for the simulations of sheaths which includes surface effects and transport evaluation. Some error may also be attributed to the digitization process used to plot the data of Schwager used for comparison. 
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The number densities of electrons and ions in the domain are shown in Figure 7 . The results of Schwager are again shown for comparison. The comparisons here are more qualitative due to the difficulty in digitizing the results of Schwager. In both our simulations and those of Schwager it is seen that the ion density is on average higher than the electron density in sheath regions. This is especially true at the collector sheath. The same oscillatory behavior of the density is also seen in both simulations. 
Sheath simulations validate the code with more complex boundary conditions which include a flux source and collector. These results also illustrate the ability of the code correctly capture complex potential structures.
D. Magnetic Mirror
Magnetic mirrors machines are devices used to confine plasmas. Plasma is generated in a low magnetic field (strong enough for the particles to be magnetized) region which then flows into a converging, high magnetic field region. As the particles move into this region the magnetic field force changes the velocity along the field line into velocity perpendicular to the field line. In some cases the sign of axial velocity can be changed resulting in the particle being reflected away from the high magnetic field region back into the low field region. The high magnetic field region is called a magnetic mirror and particles that meet specific criteria are reflected by these mirrors. Particles which escape are part of what is known as the loss cone. Assuming a constant magnetic moment and kinetic energy of a particle, it is found that the confined particles satisfy the condition shown in Equation 14.
The final test case is that of a magnetic mirror which validates the modifications made to the particle mover for the Q1D code by comparing with magnetic mirror theory. The Q1D algorithm does not assume a constant magnetic moment, but the conditions for this particular simulation satisfy the major assumptions made for a constant magnetic moment. Electric field effects are ignored in order to focus on the Q1D changes made in the magnetic field Lorentz force contributions and the area variation algorithm is not included as this contribution only shows up in the electric field contributions. These simulations represent conditions similar to those in a magnetic nozzle which may include a converging-diverging magnetic field.
For these simulations particles are given velocities according to a Maxwellian distribution and are placed at the center of the domain at which the magnetic field strength is B z,min = 1 T . For simplicity, the charge to mass ratio is equal to one and the charge is that of an electron. The domain length, L, is one meter and the number of grid points is 100. Particles that reach the boundary are removed from the simulation. The magnetic field strength grows as z 2 from the center of the domain. Two cases are presented with the maximum magnetic field strength at the edge of the domain equal to B z,max = 1.75 T and B z,max = 4 T . The initial and final velocity space of particles is shown in Figure 8 along with the line calculated from Equation 14 . The final velocity space shown in Figure 8 shows the development of the loss cone and how the loss cone shrinks by increasing the magnetic field strength. Reproducing this familiar magnetic mirror behavior illustrates that the Q1D algorithms are producing physically accurate results and can be used to simulate the symmetry axis of the magnetic nozzle.
IV. Conclusions and Future Work
The Q1D PIC code and incorporated algorithms are validated through test cases relevant to magnetic nozzles. We demonstrate the ability of the code to accurately capture instabilities, energy exchange, sheath formation, and magnetic mirror effects which are essential to studying magnetic nozzle physics.
A final test case of a collisionless plasma expansion into a vacuum is planned to further validate code and study the final boundary condition for expansion to a vacuum. 30 Direct comparison with the Cubesat Ambipolar Thruster (CAT) experiments at the Plasmadynamics and Electric Propulsion Lab (PEPL) are planned to further validate the code. The Q1D PIC code will be used in conjunction with this experiment to more deeply understand the physics of magnetic nozzles and optimize the design of the magnetic nozzle.
